Vector beams, beams with a non-uniform state of polarization, have become an indispensable tool in many areas of science and technology. Harnessing topological light properties paves the way to control and manipulate light-matter interactions at different levels, from the quantum to macroscopic physics. Here we generate tabletop extreme ultraviolet (EUV) vector beams driven by high-order harmonic generation (HHG). Our experimental and theoretical results demonstrate that HHG imprints the polarization state of the fundamental (infrared) beam, ranging from radial to azimuthal, into the higher frequency radiation. Our numerical simulations also demonstrate that the generated high-order harmonic beams can be synthesized into attosecond vector beams in the EUV/soft x-ray regime. Our proposal overcomes the stateof-the-art-limitations for the generation of vector beams far from the visible domain and could be applied in fields such as diffractive imaging, EUV lithography, or ultrafast control of magnetic properties.
INTRODUCTION
The state of polarization of light is often considered as a property independent of the spatio-temporal beam distribution. Using this approach, a light field can be described asẼr; t Er; tẽ 0 , whereẽ 0 is the light's state of polarization. In this case,ẽ 0 is uniform along the whole light beam, which is the common case for beams with a linear, elliptical, or circular state of polarization. However, there are scenarios where the polarization state varies from point to point of the light beam, i.e.,ẽ 0 ẽ 0 r; t. Light beams with spatially variant polarization,ẽ 0 ẽ 0 r, are known as vector beams. In recent years, there has been an increased interest in the generation of vector beams due to the novel effects they present and their particular interaction with matter, making them essential tools in different areas of science and technology [1] . Light beams with radial and azimuthal polarizations are the paradigm of vector beams. On one hand, radial vector beams are especially interesting due to the non-vanishing longitudinal electric field component present in tightly focusing systems, which allows one to sharply focus light below the diffraction limit [2, 3] . This property has been greatly significant in fields such as laser machining [4] [5] [6] [7] , optimal plasmonic focusing [8] , particle acceleration [9, 10] , and molecular orientation determination [2, 11] . Radially polarized vector beams have also been shown to be relevant for the nanolocalization of dielectric particles [12] , and the control of the radiation of relativistic electrons [13] . On the other hand, azimuthal vector beams can induce longitudinal magnetic fields with potential applications in spectroscopy and microscopy [14] . In addition, we note that vector beams present other interesting applications in the generation of quantum memories with multiples degrees of freedom [15] , enhanced optical trapping [16] , and polarization-dependent measurements in atomic systems [17] . They have also been used in fundamental science to demonstrate an optical analog to the spin Hall effect [18] , to extend the concept of PancharatnamBerry phase [19] , to observe an optical Möbius strip [20] , and in the entanglement of complex modes both in the quantum [21] and classical [22, 23] regimes.
Over the last two decades, high-order harmonic generation (HHG) has been demonstrated as a unique mechanism for the generation of coherent EUV and soft x-ray radiation, in the form of attosecond bursts [24, 25] . The underlying physics at the microscopic level can be simply understood by the so-called threestep model [26, 27] : An electron is tunnel ionized from an atom or molecule by an intense linearly polarized laser field, then accelerated, and finally driven back to its parent ion, releasing all the energy acquired during the process in the form of high-order harmonics upon recombination, extending from the EUV to the soft x-ray regimes [28] . From the macroscopic point of view of the HHG process, an infrared laser beam is focused into a gas target, and, if efficient phase-matching conditions are met [29] , an EUV/ x-ray beam is emitted.
There are different techniques to produce vector beams in the infrared-visible regime. Vector beams presenting cylindrical symmetry, i.e., cylindrical vector beams, have been demonstrated by the coherent addition of two orthogonally polarized HermiteGauss beams [1, 30] , by means of both uniaxial [5, 31] and biaxial [32] crystals, using circular multilayer polarizing grating end mirrors [33] , with azimuthally dependent half-waveplates (s-waveplates) [34] , by combining two spatial light modulators [35] , with optical fibers [36] , by means of electrically-tuned q-plates [37] , and with a glass cone [38] . Non-cylindrically symmetric vector beams have been reported using c-cut uniaxial crystals [39] , conical refraction in biaxial crystals [40] , with q-plates [41] , and by transforming a Laguerre-Gauss beam with a half-waveplate and a π cylindrical lens mode converter [19] . However, the spectral limitations of these generation techniques based on linear optics prevent the efficient generation of vector beams in the extreme-ultraviolet (EUV) and x-ray regimes, which would further extend the applications mentioned in the previous paragraph down to the nanometric scale. One of the most valuable aspects of HHG is that the properties of the EUV/ x-ray harmonics can be controlled through proper modifications of the driving beam, thus avoiding the use of inefficient optical devices in the EUV/x-ray regime to control the beam properties. For instance, not only the spatio-temporal properties of the driving field are imprinted in the harmonic beam, but also the mechanical properties involving orbital angular momentum (OAM) and/or spin (polarization). On one hand, EUV beams with spatial phase twist have been recently generated through OAM conservation [42] [43] [44] , conveying the synthetization of attosecond helical beams [42, 45, 46] . Regarding the polarization state of the harmonics, although the HHG conversion efficiency drops quickly with the increase of the ellipticity of the driving field [47] , different techniques have been recently developed to generate elliptically and circularly polarized harmonics through spin angular momentum conservation [48] [49] [50] [51] [52] . As a result, attosecond pulses from elliptical [53, 54] to purely circular polarization [55] are predicted to be produced.
In this work, we overcome the existing limitations for the generation of EUV/x-ray vector beams by transferring the complex structure of the infrared vector beam through high-order harmonic generation. We use an s-waveplate to generate infrared driving vector beams (from radial to azimuthal) that are upconverted to shorter wavelength radiation. Our numerical simulations are in excellent agreement with the experimental results, which allows us to predict that harmonic vector beams can be synthesized into attosecond vector beams.
The driving beam, a linearly polarized femtosecond infrared pulse, is converted into a radial/azimuthal vector beam using an s-waveplate [34] . The s-waveplate is a super-structured space variant waveplate that converts linear to radial or azimuthal polarization, depending on the polarization angle of the incident beam (see Figs. 1(a) and 1(b), respectively). To characterize the resulting vector beam we place: a half-waveplate before the s-waveplate to control the input beam polarization direction, and a vertical linear polarizer after the s-waveplate to analyze the generated beam. In Fig. 1 (c) we plot the measured spatial intensity distribution observed after the analyzer for different angles (α) of the half-waveplate. We observe that for α 0°we obtain a radial vector beam distribution, while for α 45°we obtain an azimuthal vector beam. Once the IR vector beam is properly selected, we generate high-order harmonics by focusing the beam into an argon gas jet, as sketched in Figs. 1(a) and 1(b). The resulting harmonic vector beam is detected in the far-field. 
RESULTS

A. Theoretical and Experimental Generation of Harmonic Vector Beams
To study the generation of EUV/x-ray vector beams through HHG, we first perform numerical simulations, including propagation through the electromagnetic field propagator [56] (see Section 1 of Supplement 1). In our simulations, we consider the infrared beam as a Laguerre-Gaussian mode (LG 1;0 ) without the azimuthal phase (see Section 1 of Supplement 1) with varying spatial polarization. In particular, we have considered radial and azimuthal vector beams with a beam waist w 0 30 μm. The argon gas jet is modeled by a Gaussian distribution along the y and z dimensions, whose full width at half-maximum (FWHM) is 500 μm, and possesses a constant profile along its axial dimension, x, with a peak density of 10 17 atoms∕cm 3 . For the simulations presented below, the laser pulse envelope is assumed to be a sine-squared function of 5.8 cycles (15.2 fs) FWHM, whose amplitude (E 0 ) is chosen to give a maximum peak intensity at focus of 1.6 × 10
14 W∕cm 2 at a wavelength of λ 790 nm. Longer pulses that are closer to our experimental driver were not implemented due to the high computational time required, and they would not have modified the main results presented in this work.
In Fig. 2 we present the simulated angular intensity profiles of the 17th harmonic (46.5 nm, 26.7 eV, first and third rows) and the 23rd harmonic (34.3 nm, 36.1 eV, second and fourth rows), driven by an IR radial, (a) and (b), and azimuthal, (c) and (d), vector beam. For each harmonic, we show the intensity distribution projected into the vertical and horizontal polarization, and the sum of both components. As it can be appreciated, the state of polarization of each harmonic is that of the driving beam, i.e., both HHG and the harmonic phasematching preserve the generation of radial and azimuthal vector EUV beams. With respect to the beam profile, one can clearly appreciate that the on-axis nodal point of the fundamental beam is preserved in the far-field emission of harmonics. Recently, it was shown that the far-field emission of harmonics generated with an annular beam intensity profile with linear polarization carrying OAM also leads to an on-axis dark point due to a phase singularity present in light beams carrying integer OAM [42] [43] [44] [45] [46] 57] . In this work the annular beam intensity does not exhibit OAM, but is radially or azimuthally polarized, i.e., it possesses a polarization singularity that manifests as the on-axis nodal point both at the fundamental beam and high-order harmonics. The output of the s-waveplate may be considered to be a superposition of radial modes, all of which share the polarization state that forces the on-axis singularity.
In Fig. 3 we present the experimental results. The setup, which is detailed in Section 2 of Supplement 1, is shown in Fig. 3(a) . The laser system (Femtopower HE PRO CEP system) delivers linearly polarized 25 fs pulses at a central wavelength of 790 nm, operating at a 1 kHz repetition rate and 0.85 mJ∕pulse. A halfwaveplate placed before the s-waveplate, allows us to select the input polarization direction, and thus the polarization distribution of the IR vector beam that is focused (focal length 30 cm) into an argon gas jet to drive harmonics. An iris was placed before the half-waveplate to optimize the harmonic phase-matching conditions [58] . The harmonic radiation enters into a Rowland-circletype spectrometer through a thin slit. In this work, we have horizontally displaced the EUV beam through the entrance slit to characterize different parts of the EUV beam, as depicted in the inset of Fig. 3(a) . The diffraction grating in the spectrometer acts as a EUV polarizer, allowing us to characterize the harmonic polarization. To this end, we first characterized the spectrometer response to different linear polarization orientations by using the half-waveplate before the lens (without the s-waveplate), rotated at different angles, obtaining a maximum signal for vertical polarization (s-polarization) and a minimum for horizontal (p-polarization), as depicted in Fig. S1 in Supplement 1. Although other more sophisticated EUV polarizers could be used [59] , the different efficiency of both polarization directions already allows us to characterize the EUV vector beams.
In Figs. 3(b) and 3(c) we present the harmonic intensity measured as a function of the half-waveplate axis angle (α), for the radiation entering through the slit position 1 (at the left edge of the beam) and slit position 2 (at the center of the beam), respectively. By rotating the half-waveplate axis, we generate all kinds of vector beams from radial to azimuthal. It can be observed that when α is 0, 0.5π, π, and 1.5π, the HHG signal presents a maximum at slit position 1 (b), while a minimum at slit position 2 (c), indicating that the EUV presents azimuthal polarization. On the other hand, the behavior is reversed at α equal to −0.25π, 0.25π, 0.75π, and 1.25π, indicating the generation of an EUV radial beam.
The 19th harmonic signal as a function of the half-waveplate axis angle (α) is plotted in the panel (d) at the three slit positions indicated in panel (a): pink plus signs for the left part of the beam (slit position 1), blue points for the central part (slit position 2), and purple crosses for the right part (slit position 3). We observe that the angle dependence for slit positions 1 and 3 is very similar, and completely out of phase with slit position 2, thus demonstrating that the 19th harmonic beam has all polarization distributions from radial to azimuthal. The experimental results are in excellent agreement with the theoretical simulations, showing that not only radial an azimuthal EUV beams are generated, but all the intermediate polarization states between these two extreme cases.
One of the most interesting properties of radially polarized beams is that they present a strong longitudinal electric field when tightly focused. In our HHG experiment, we have selected a loose focusing geometry (focal length of 30 cm, giving a maximum numerical aperture of NA 0.04 ) for which the longitudinal electric field is negligible [1, 60] . Note that harmonic phasematching conditions would be modified in tighter focusing geometries where the driving field presents a longitudinal component, leading to modifications in the far-field harmonic profile [61] .
B. Synthesis of Attosecond Vector Beams
High-order harmonics are naturally emitted in the form of attosecond pulses. Our simulations show that harmonic vector beams are also emitted as attosecond vector beams (Fig. 4) . For this to happen, it is essential that several harmonics overlap spatially. In Fig. 4(a) we show the far-field divergence of the several x-polarized harmonics (from the 17th to the 23rd) when driven by an IR radial vector beam. We observe that there is a range of divergence angles in which these harmonics overlap with comparable intensity. Hence, our numerical simulations show that: Research Article (i) The polarization structure of different harmonics is the same for all the harmonic orders, and (ii) There is a wide range of observation angles where different high-order harmonics overlap. These two results allow us to coherently sum several harmonics to synthesize attosecond pulses. In Fig. 4(b) we show the isosurface attosecond radial vector beam obtained from the Fourier transform of the coherent integration of the high-order harmonics emitted in an argon gas jet (same parameters as in Fig. 2) . The higher-order harmonics above the 11th have been selected by considering the transmission through an aluminum filter. The color scale shows the direction of the polarization at each spatial position of the beam. As it can be observed, each attosecond pulse within the train exhibits a radially polarized spatial distribution, mimicking that of the IR fundamental beam. In Fig. 4(c) we show the x-polarized attosecond pulse train (top) and time-frequency analysis (bottom) detected at y 0; x 0.5 mrad. The timefrequency analysis shows the temporal intervals when the highorder harmonics are emitted. The positive slope indicates that the so-called short trajectories are phase-matched, imprinting a positive chirp in the attosecond pulses. The positive chirp, together with the different divergence of the harmonics [shown in Fig. 4(a) ], explains the conical shape of attosecond radial vector beam presented in Fig. 4(b) . Although here we only showed the attosecond vector beam with radial polarization, attosecond beams with polarization from radial to azimuthal can be obtained through adequate synthesis of the harmonic vector beams presented in Section 2.A.
DISCUSSION
We have demonstrated, both experimentally and theoretically, the generation of coherent vector beams in the EUV regime driven by HHG. To do so, a fs radially polarized vector beam obtained with a s-waveplate in the infrared domain has been focused into an argon gas target at standard experimental conditions. The atoms within the target emit EUV radiation coherently providing that efficient phase-matching conditions are met. With this physical scenario, we have shown that the non-homogeneous polarization nature of the fundamental beam is transferred to the HHG beam, i.e., vector beams of both radial and azimuthal polarization in the EUV domain are obtained. We recall that HHG offers a unique opportunity for the generation of vector beams at very short wavelengths, unreachable with other frequency upconversion techniques, such as second-and third-harmonic generation in crystals, since in these techniques the state of polarization of the fundamental beam is destroyed during the nonlinear process. Note that higher-photon energies up to the soft x-ray regime can be obtained if longer, mid-infrared [28] , or shorter, ultraviolet [62] wavelengths were used. We do not expect the fundamental physics presented here to be different in those two scenarios.
We have demonstrated theoretically that EUV attosecond vector beams can be produced by means of HHG. Note that although we have reported attosecond vector beams where the spatial polarization distribution is maintained from pulse to pulse, gating schemes [63] could be applied to harness the time-dependent polarization profile of these beams, and thus to produce vector beams that vary from radial to azimuthal polarization in the time domain. Similar schemes could be used to isolate a single attosecond pulse with the desired polarization distribution.
We also note that radially and azimuthally polarized beams are the natural (albeit nearly degenerate) modes of cylindrical waveguides [64] . By coupling the vector beams into capillary waveguides, phase matching and an increased interaction length should allow for the generation of more harmonic flux than obtained in the present experiment. Moreover, still higher yield is anticipated considering that the peak intensity is away from the optical axis. The harmonic amplitude is known to scale with the ∼4th power of the fundamental amplitude for the high-order harmonics generated in argon (see Supplemental Material at [44] ). A simple integration of LG 0;0 and LG 1;0 mode profiles with same peak intensity, weighted by the 4th power harmonic intensity yield, shows that the effective source volume is more than 5× greater for the higher mode, in agreement with our quantum HHG simulations (see Section 3 of Supplement 1). Thus, we anticipate that gas-filled capillary waveguides, which were used to efficiently phase-match soft x-ray harmonics [28] , are the perfect candidates to generate soft x-ray vector beams through HHG.
To our knowledge this is the first time that vector beams in the EUV regime have been produced in a tabletop setup, and most important, in the form of attosecond-to-femtosecond pulses that are perfectly synchronized to the driving laser. Vector beams already offer many applications in the optical domain, where, in particular, radial vector beams exhibit the sharpest possible focus. This, combined with the state-of-the-art EUV/X-ray focusing techniques already allowing for focal spots as small as 15 nm [65] , will bring the application of vector beams to the nanometric scale, especially in areas such as ultrafast diffraction imaging [25, 66] and EUV lithography [67, 68] .
On the other hand, the longitudinal magnetic field created at the center of tightly focused azimuthal vector beams presents promising applications in magnetic spectroscopy and microscopy [14] . The generation of ultrashort EUV/x-ray azimuthal vector beams conveys a revolutionary tool to be applied in nanomagnetics, due to their potential to generate ultrafast electronic currents in the nanoscale. Ultrafast charge currents can induce magnetic fields that steer the properties of magnetic nanoparticles [69] . We envision a unique opportunity to tailor magnetic domains in the femtosecond-to-attosecond timescales using EUV/x-ray vector beams. 
